
from reverberant Vibmtlon of a simply supported panel i s  

proportional to the length of the panel’s perlmeter when 

the frequency l a  below the critlaal frequency, A simple 

phgsioal 3nterpretatlon was made In tenas of the mode s’irape 

of resolflltlt modes. Other analyses for parer mdlatloP1 from 

a single st-t b0lUnB.m om an infinite panel inbicated 

that twice 88 mu- power radiates from a clamped edge as 

f r o m  the almply arpported edgea the 8pat-l mean square 

velocity being held canetant. 

It I 8  Shawn hem that the lr~ease8 miiiatlon from 

clamped edges i s  also predletable from eimgle ooonalder(at1,orns 

of the mOae ahape. Horeover, &mmg a l l  baundarleir having a 
purely reactive rotatory %mpeUame and res tdct lng  t-a- 

verse diaplacsmeart to zero, the 
the mast efficient mdlator. For 8- impedanoea, Paver 

radiation I s  found to  appmeh zero. 

edge 18 found to be 

;Qmw. 
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fn his Seudp Of the COUP- betlf- 8-d Wave6 In a 

fluid and b e n a  vlbnrtiom of a simply mpported reot;angular 

panel sumounded by an lnf'lnlte w d  baffle, Hal8anik con- 

cluded that the 8trength o f  coupling I s  pmportloaal t o  the 

length of the panel's perimeter when the frequexmg I s  leas 

than the c r i t i ca l  frequen0yo1 

that at jhich the wavelength of free stmlght-creeted bending 

(The c r i t l o a l  fnquency is 

waves In an Infinite -1 Of the 

the ~ ~ l ~ h  Of free plane mve8 in the W ' l O b S t N C t e d  fluid.) 

t h i C k n e 8 8  m l d  -1 

-I n+* !!!ea9u.rur ef c@JplL?l in the rrrA,in,?r-im rr?.slstaee; 4efin-d 

In every ease a8 the tims average of W t e d  sound p e r  for 

a unit value of the space mad time avemge of the square of 

vlbmtlonsal V e l O C l f y o  HowePer, 0@38 8hW bg mlprocll ty 

arguments that the 8tum conclusion holds when a diffuse r ie ld  

of 8- waves forces the me rctutore of proportion- 

ality In PhM8nlkwe relatioar Involve no pamametera of the panel 

except the m t i o  of f r e q u e ~ y  to  u r l t i c a l  freqtuenoy. The rela- 

t ion Is restrioted t o  sltuatloaur in whlch maonant vibration 

predoapinatea 

neidanik haa also glven 8 elmply phyelcal Interpretation 

of the relation of ooupllng to the perimeter, which l e  Weed 

on consideratlms of the ch8materietlc Anrctione, or mode 

ahapes of the natuml modes. A ceview of this phase of his 
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work all form the basics for the present extension. For B 

reatangular panel with s-ly supported edges of lengths ax 
an8 8 ,  in the x and y dl-tiaaa, the uharacter2atio iunctZoPls 

are 

94 - 
an integer 

an integer a 

. 

We consider a frequemy well below the critiarl. Prequemuy, 

80 that +>k2 Where k I s  the waoerrnmrber of free plane wave8 in 

the = a d .  The vaz-lms mode8 re80111Eult at about the same irs- 

~uency, L e .  wZth about the G, have aifferent direot i c#rrr ,  

renging from nearly noma1 to the x edges when % is mal1 t o  

nearly noma1 to the y edges. Maiaarrik ahowed that only those 

-3- # 
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Ccmaider a mode nearly mmnl to the x edges, for wMoh 

ea88 

The appm&at%on employe6 here i s  aimilar to the well- 
knwn use of "volume veloaity" in carculatw t;he raaiation 



. 6'011 B E R A N E K  A N D  N E W M A N  V M C  

fxwn a oibmting soume all  of  wlhose dImensSggle are emall in 

ocmpar2son to the wavelength of 8oMd. The volume velocity 

is pFopOrtl~1 t o  the net ama under the whole def'leeticm 

OuPpB. ltfi oontra8t thereto, the pre8ent egpraaimatlm i a  
appllmble to a mwce whose size m y  be large in c ~ s m  

to the urveleagth, 80 1- a8 tnS v%bratlaaral wavelength is 
mall. whsa the s u e  of the 8uume i 8  small, the two approxi- 
matiolas are ldentlcal, 

In the x direotlm, the ebape of a anode nearly nemal t o  

the x -e8 hae a welengtrh longer than the saurd wavelength, 
Therefore amcellation does not take place along this direation, 

The carwLuaiOn i o  tbat Bound ncldiatitm fmm the Pl0d.l vlbmtion 

of the *le panel I 8  ldamtioal lwith the xsdUtlan from a pair 

of narro# bar6 of length #x, located OBI the x -em of the -el 

and v%bmtlng rrith mode 8bapes 

L (3) 
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n?e effective width equals 

This result is independent of mode number and proporticma1 to 

1, for evw mode nearly nomml to the x eages ( L e *  nith 

+a). A 8-m FeSult, pmX%I& t o  By# CUUI be 0- 

for eve- mode n m l y  no- to the y edges. When it has beem 

coarfinaed that equal numbern of modes of the two types are 

resonant in a @vem mall interval of frequency, the observed 

proportionality ie found between the perimeter h2(ex+8y) MU 

the t o t a l  mdlation realstance for reverbemnt panel Vibnrtlon, 

in which d e s  of al l  types have equal energy. The anrtlytiakl 

result l a  

_ _ _ ~ ~  
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identical with the leading tern or M expansiun of analytical 

results in pawere of the -1 quantity 5 (ref. 1, Eq. 2.39a). 

Indeed, more detailed conslderaflm show8 that a11 the 

lea- C h a 1 W f e ~ i U t i C 8  or the m a t @  
meh an interpretatlon=-even the direotlvlty fmctlarrs for 
individual modes. The sound prsamrrs mdlated to a great 
distance in a dlrectian e p e ~ l l t i d l  by the unit vectorg 18 

propartiaral to a surfaae bt-1 over the panel: 

follow ~ r > a n  

8 

where I s  the unit vector along the y ecge of "he panel. 

Interpretation l s  reflected mathearatloally by the limiting 

value of the integral: 

-7- 
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wlrere u* 
i s  to be 

-8- 
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This interpretation of the sound radiation from a panel 

a8 belng due t o  the vibretlng strips along i t a  edges, when 

the frequency 18 le88 than C f i t 1 - 1 ,  ha8 been F W t d C t . e b  t o  

panels with elmply supported -8s. WaidanZk' and L3m4 
extended the onalyais to  other boundary emdltlona by analy- 

tical flanking attacks. 

On L y m Q  suggestion, both he an8 Maidanlk Investigated 

the mtlo of! radiation resistance t o  perimeter by considering 

a truly dlfbse, reverberant field of s tn i lgh t~ ree t ed  wave8 

incident upoat an lnfSnlte st-t baundary in an lnf'lnlte 

plane panel. 
dlfPuse reverbenurt f i e l d  of the finite large panel, tmich 

has &Lscrete angles of incidence distributed unlfowlg in 

angle, by an iniinitelg dense Unifom dlstributlm of angle6 

of incidence. Sinoe the dlserete angles of incidence of the 

flnite panel fluotucrte with t-ency variatima, the procedure 

should field % good average estimate. 

In essence, this pl0cedu.m replacer, the qu.81- 

One poselble reaerPatim o f  uonfldence I s  readllg answered 
In a qualitative way. O m n t e d  thaf, according t o  Mdrmik'a 

physical Interpretation, the sound mdiatlon may be accounted 

for by the s t r i p  neareet the boundarg, it is still canoelvable 

that this Irrrdi8t1011 could be significantly affected by the 

-9- 
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boundary conditions at the end of the s t r ip ,  L e .  a t  the 

cornem of the panel. However suah effects are not to be 
expected because, 88 observed above, the power flux is 

diatrlbuted Uniformly along the strip.  

In the mode shape near the camera, such as between clamped 

and aitnplg supported edges, can have l i t t l e  effect on the 

t o t a l  flux. On the other hand, differences In  boundary 

conditions along the edge of the st r ip  may lead t o  aignif l -  

cant effects through modification of the effective width 

Small differences 

k= 4). 

Both Ma&danlkl and Lyon4 conflnned that his analysie for 

an infinitely long, s t e t  edge yielded the same result as 

the modal analysia (Eq. 6) In  the case of t i  simply mpporte6 

edge that transmits IK) energy. 

-ctly W e e  as muah sound power is mdlated from a clamped 

boundary, ineof’ar as leacllng terms in ( k h )  are concerned. 
In all ~ 8 8 8 8 ,  the important contrlbutlom t o  sound power are 
those f’mn waves incident upon the boundary at an angle near 

the nolrmal. 

Eaoh also concluded that 

We wish t o  demonstrate that the increased mdiatiosl for 

a clamped edge is also derivable Prom simple consldemtlons 
of the node shape, similar t o  Wdanik% physical interpreta- 

tion for a ainqplg supported edge. We shall Investigate as 

-10- 
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w e l l  the whole clam of 'baunbaries for wMch (1) there l e  no 

tmneverse displacement at the edge, (2) no vlbmtlon is 

transmitted acms8 the edge, and (3) the ratio of slope to 

curvature of the vibrating panel, evaluated n o m  to the 

edge, I s  an arbitnrrg constant panmeter. In conjunction, 

the laat tu0 baundarg coneitions am equivalent to specifsring 

a rotatorg impedame whose real part Vanishes and whose lmegl- 

nary part 18 an arbitmq constant. 

cum&ure must be Feaf if no energy is trangmitted.) 

(The ratio of elope to 

Bkl8anik and L m  f'aund that angle8 of incidence near 

noxhlal were most important. Here we consider a bending wave 

QI an =te panel mch I s  incident pmlse ly  nonnally 

upon a stmalght lxnWbry at Itd. The boundarg canditianrr to 

be croolsidered are gioen above; VibnatZon is restriated t o  

positive values of X. 

verse deflectim is 

The gene- solution for finite trens- 

The measi square value of 9 for Ic>o has been adfueted to unity. 

The slope, curvature, and rotatory reactance X at the boundary 

are detemlned by the W t e r  Q: 
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where D is the panel'e bending rigldlty, Q) is frequency, rn I s  

the panel'8 maas per unit area, and < - (p2m/D. The implicit 

time dependence is exp(ia) ,  Md positive values of X *lg a 
maesive boundary. Without 108s of generality, @ will be re- 

str icted t o  the range 0 t~ 1. Note the particular ea888 of 

the slm~ly strpported edge, 9 &, and the clmuped edge, #J- +. 
Curves of deflection $(x) near the edge are given in Fig. 2 

for several value6 of $. 

For values of s x  greater than abaut 2r, the exponential 

term ln E q .  10 l e  quite negligible and $ l a  practically 85nu- 

soldal. In that -on, Ihldanik's phyaiual argument of de- 
tailed cancellation of mmd rrrdiatioa (for k 3 )  I s  equally 

valid for a l l  values of 9. 

lnterpretathn,  we might define as the equlv8lent Width we of 

the atrlp at the boundarg, the 

from the baundarg t o  the crest at sx = ad, beyond which 

Canoellation take8 place. However, for analytioal convenience, 

we use the m t e  int-2 

In generallzatlon of Ma&&nlkts 

am8 under the $(x) curve 

-12- 
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The eound power radiated frola the boundary is proportional 

t o  w: (Eq. 5). Curves p ~ p o r t l o n a l  to w: and t o  the rotatory 

reactance X or  the boundary are given in Hg. 3. This gener- 
alized physical Interpretation correctly account8 for  the 

80md ramtion from a simply supported edge (m. 4), and allso 

correctly prdliot8 that twice as mrch power should be nsdlated 

from the clamped edge. 

Two other concluelcrne should be noted. F i r s t ,  the clamped 

edge leads t o  the largest radiation resietance of any edge with 

purely reactive rotatory impedance and With zero transveme dls- 

p l a c k t .  Secondly, there 1s a massive rotatory reactance, 

for which the equivalent wldth vanishes. 

@- #; the corresponding deflection curve is plotted in Fig. X .  

One ahauld not concluc¶e that the r8dlatlm resitttanee real ly  

vanishes exactly in this case, but mther that it is dependent 

on residual, leas erflcient, coupling. Moreover, the compllca- 

tiona resulting from non-vanishing or the tmnsverae dlrplace- 

m e n t  at XI0 and tram M t e  energy tranmdeaion, which are 
uaual for real baundaries and 8- encompassed by Lyon's general 

Thl8 is the case for 

are not accounted for  here. 

One should note that the preaent analysis of the effect  of 

boundary candltlons on radiation reelstance I s  also directly 

-13- 
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applicable t o  a beam vibmting at frequencies below ita critical 

frequency. (The beam w l t h  simply supported ends was analyzed in 

refererice 3.) For mch a beam, the net uaupling t o  sound 1s 

attfibutable to the two end regiants aa shown In Fig. 1; it I 8  

numerically equal to the coupling to a pair of rle;id pistone 

located at the ends, each ha- an are8 equal to the product of 

the beam's width by the equivalent width (Eq. 12), and ea& having 

8 mean aqwule velocity equal to the mean aquare velocity of the 

whole beam. 
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MODES OF SMAU ORDER m R  

The present analysis for vibrations of a semi-infinite 

beam or panel is not apprOpriat@ t o  the first few modes of a 

finite structure. Nonethelesa, It can be shown that many of 

the conclueions are still valid, even for the fUnUarnenta1 

made . 
Consider the lowep modes of a finite beam. The results 

for it should also be applicable t o  a long n a r c o w  panel, but 

not t a  a sqtmesh panel which is "all camem", 

nential tern In  the solution for the inf in i te  structure dies  

out so fast with distance fruin the boundary that the differ- 

ence between the deflection curve8 of the serni-infinite beam 

and the finite beam havlng the m e  value of 

small, even for the second mode (see Fig. 2). 

results of the present analysis, and the expression for 

"equivalent width" (Eq. 12), are applicable t o  a l l  llbOde8 

except possibly the fundamental. 

me expo- 

is quite % 
Therefore the 

Let  u8 examine the fundamental modes of the finite beam 

in the two casea of clamped and simply supported ends. Note 

in the case of the -tal modes that the central region 

of cancellation l a  non-existent, 80 that the net coupllng t o  

sound is determined by the t o t a l  area under the deflection 

curve; in the present notation th i s  are8 is equated t o  2we* 

-15- 
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. 
The expressions for we given in Eqa. 4 and 12 for aimply 

end8 are precisely correct. Far the fbndamental 

clmped end8 it Can be shown that 

= 1.965% we 8 

which ie only 1.8 pement smsller than the  ree eel on in 

Eq. 12, derived for the semi-infinite atFucture.6 Therefom 

Eq. 12 I 8  tiin excellent approxinratlon for all modes, for 

clamped and supporte6 ends. 

The bald colac1usion that iiuaupiing or sound to  8 t r ~ C t U ~ € !  

with ul8mped edge8 38 twice that for Simply SUppOrfed edges, 

even in the -tal H e "  can be applied if certain pre-' 

cautions are obserwed. First, the spatial mean square def'lec- 

ti- must be equal In the two cases. Secoold8 the concluaion 

refers only to the rvralyticr expreselon of coupling a8 a runC- 
tion of k and kp. 
same d e  with different boundary uon8itions Will reamate at 

different frequencies and at different value8 of k and 5. 
Theae differences are greater for modes of lower order number, 

Third, the f'mdamntal mode of a nearly equare panel rema3nr3 

to be inveetlgated. 

Two Identical etlvctures vibrating l n  the 

( m a  work -8 epansored by the National Aenmautio-i; and 

Space Adminiat~tlm. ) 
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5, f t  is pmbable that this infinite integral l a  the precise 

expressiom for equivalent Width in the limit as frequency 

a and k approach zero, Campare the famlliar 080 o f  net 
volume velocity ln  calmlating the low frequency mdlatlon 

Prom a piston, Then tM8 dlscus8lon Identiflee the net 

(L8 p ~ C $ ~ l l y  lOCalIrt6d the St r ip  O u t  t o  the 

second oreat, fran which conclusion is derlvable a cri- 

terlon for us- the low ir(equerrcy approxlmatioat that 

(-4)- be small. 

6, The integral of deflection is related t o  the values at the 

ends of the third derivative, because satisfies the 

faurth-order bend- wave equation, The values of the 

third Berlvative were taken from R.E.D. Bishop and 

I). C. Johnson, Vibration Analssls Table8 (The University 

Press ,  Cambrlage, England, 1956). 
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Fig* 1 

pig. 2 

Fig. 3 
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CAPTIrnS 

Slnusoidal deflection eume for sllqply supported 

panel. 

to  the lightly shaded, central part camels, 80 

that the net caupllng i a  due t o  the heavily shaded 

edge segments. 

A t  low f'requencles, caupllng to sound due 

Deflection curves for bending waves satlsiying 

rotatory reactance boundary conditions at x-0. 

The value of the reactance is detemlned by the 

pamuneter 9. 
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